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GENERALISED NET CONVERGENCE STRUCTURES IN POSETS
HADRIAN ANDRADI AND WENG KIN HO
Abstract. In this paper, we introduce the notion of M-convergence and MN -convergence
structures in posets, which, in some sense, generalise the well-known Scott-convergence and
order-convergence structures. As results, we give a necessary and sufficient conditions for each
generalised convergence structures being topological. These results then imply the following
two well-established results: (1) The Scott-convergence structure in a poset P is topological if
and only if P is continuous, and (2) The order-convergence structure in a poset P is topological
if and only if P is R∗-doubly continuous.
1. Introduction
In the study of posets, there is a well-known convergence structures in posets, namely Scott-
convergence structure, which was initially defined by D. Scott in complete lattice. This conver-
gence structure is then generalised to the realm of general posets in [18]. Recall that a net (xi)i∈I
in a poset P is said to Scott-converge (or S-converge) to x ∈ P , denoted by (xi)i∈I
S
Ð→ x, if there
exists a directed subset D of P such that
(1) x ≤ ⋁D, and
(2) for each d ∈D, there exists i0 ∈ I such that i ≥ i0 implies d ≤ xi.
It is known that every convergence structure C in a given set induces a topology τC . Conversely,
every topology τ generates a convergence structure Cτ in the underlying set. A convergence
structure C in a set X is said to be topological if the convergence structure generated by the
topology τC is precisely C.
In general, the net Scott-convergence structure in a poset P is not topological. There may be a
net and a filter which converges topologically to x ∈ P with respect to τS but does not S-converge
to x. Indeed, the net always exists unless the poset is continuous. Conversely, continuity of poset
can guarantee that such net does not exist. The last two facts are summarised in the following
theorem.
Theorem 1.1. [18] The net Scott-convergence structure in a poset P is topological if and only
if P is a continuous poset.
Another well-studied convergence structure in a poset is order-convergence (see, e.g., [6, 7, 10,
11, 15, 16, 17, 19]). A net (xi)i∈I in a poset P is said to order-converge to x ∈ P , denoted by
(xi)i∈I
O
Ð→ x, if there exist a directed subset D and a filtered subset F of P such that
(1) x = ⋁D = ⋀F , and
(2) for each d ∈D and e ∈ F , there exists i0 ∈ I such that i ≥ i0 implies d ≤ xi ≤ e.
Just like net Scott-convergence structure in a poset, net order-convergence structure may not be
topological. Some attempts to find a characterisation for posets in which the order-convergence
structure being topological were undergone, but no complete characterisation was obtained, until
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Sun Tao and Qingguo Li established a necessary and sufficient condition for the order-convergence
being topological in [7, Theorem 4.13].
Theorem 1.2. [7] The net order-convergence structure in a poset P is topological if and only if
P is an R∗-doubly continuous poset.
Of course, order-convergence structure can be written in terms of filter convergence. A similar
characterisation considering filter order-convergence structure is also established in [8]. We recall
that a poset P is doubly continuous if P and P op are continuous. In view of Theorem 1.1,
doubly-continuity seems to be a natural characterisation for order convergence being topological.
Unfortunately, that is not the case as given in the following.
Theorem 1.3. [19] Let P satisfy Condition (∗). Then the net convergence structure in P is
topological if and only if P is doubly-continuous.
Consider the following definition: A poset P is meet-continuous if for each D ⊆ P and x ∈ D,
x ≤ ⋁D implies ⋁{x ∧ d ∣ d ∈ D} exists and equals x. Then one can simply say that a poset
P satisfies Condition (∗) if and only if P is doubly-meet-continuous, i.e., both P and P op are
meet-continuous. In [7, Example 3.6], an example of an R∗-doubly continuous poset which fails
to be doubly continuous poset is presented. This means that there is a poset not satisfying
Condition (∗) in which the order-convergence structure is topological. Ones may be polarised
when seeing Theorem 1.2 and Theorem 1.3. Some may say that the characterisation given in
Theorem 1.3 is not complete since it only holds in a certain class of posets, but it is good because
of the naturalness of doubly-continuity. Some others may say that the characterisation given in
Theorem 1.2 is complete, but the definition of R∗-doubly continuity is not really natural. In this
paper, we put our focus more on complete characterisations, following Theorem 1.2.
In the development of domain theory, the idea of generalising existing classical results is of
interest. One branch of generalisation is via subset selections (see, e.g., [2, 9, 12, 13, 14]). Recall
that a subset selection is an assignmentM assigning every poset P to a collectionM(P ) of sub-
sets of P . In [19], the notion of lim-infM-convergence (which we will call M-convergence in this
paper) is studied. Scott-convergence is a special case of this convergence. As expected, this con-
vergence is not always topological. A characterisation of poset in which the lim-infM-convergence
structure is topological (given M contains all singletons as members). This characterisation is
considered incomplete in the sense of [7], i.e., the poset needs to satisfy some certain condition
at the first place. In other words, the characterisation only holds in some certain class of posets
(see [19, Theorem 3.1]). In this paper, we provide a complete characterisation by introducing the
notion of M-continuous space. This result will have Theorem 1.1 as a corollary. We also define
the notion of MN -convergence to generalise order-convergence in the same spirit as lim-infM-
convergence generalises Scott-convergence. We will then provide a characterisation of a poset in
which MN -convergence structure being topological. From this condition, we then can deduce
Theorem 1.2 given above.
2. Preliminaries
We will only provide some denotations and convergence-related definitions and result in this
section. For any other standard definition and notation of topology and domain theory, we refer
to [3], [4], and [5].
Let P be a poset and Q ⊆ P . We denote the set of all upper bounds, resp. lower bounds, of
Q by ub(Q), resp lb(Q). Let X be a set and (xi)i∈I be a net in X . We say that xi satisfies
condition α eventually if there exists i0 ∈ I such that for all i ∈ I, i ≥ i0 implies xi satisfies
condition α. An element x is an eventual lower bound of (xi)i∈I if xi ≥ x eventually. We denote
the set of all eventual lower bounds of (xi)i∈I by elb ((xi)i∈I). A net convergence structure in X
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is a class C of tuples ((xi)i∈I , x) where (xi)i∈I is a net whose terms are elements of X and x ∈X .
A topology induced by a net convergence structure C in X is the collection τC of all subsets U
of X satisfying ((xi)i∈, x) ∈ C and x ∈ U Ô⇒ xi ∈ U eventually.
Given a topology τ in X , a net (xi)i∈I in X is said to converge to x ∈ X topologically with
respect to , denoted by (xi)i∈I τÐ→ x or xi τÐ→ x, if for every U ∈ tau such that x ∈ U , xi ∈ U
eventually. A net convergence structure C in X is said to be topological if for every net (xi)i∈I
in X which converges topologically to x with respect to τC , it holds that ((xi)i∈I , x) ∈ C. The
following theorem provides a necessary and sufficient condition for a net convergence structure
to be topological.
Theorem 2.1. [5] A net convergence structure C in a set X is topological if and only if it satisfies
the following four axioms:
(1) (Constants). If (xi)i∈I is a constant net with xi = x for all i ∈ I, then ((xi)i∈I , x) ∈ C.
(2) (Subnets). If ((xi)i∈I , x) ∈ C and (yj)j∈J is a subnet of (xi)i∈I , then ((yj)j∈J , x) ∈ C.
(3) (Divergence). If ((xi)i∈I , x) ∉ C, then there exists a subnet (yj)j∈J of (xi)i∈I such that for
any subnet (zk)k∈K of (yj)j∈J , ((zk)k∈K , x) ∉ C.
(4) (Iterated limits). If ((xi)i∈I , x) ∈ C and ((xi,j)j∈J(i) , xi) ∈ C for all i ∈ I, then we have
((x(i,f))(i,f)∈K , x) ∈ C, where the partial order on K ∶= I ×∏{J(i) ∣ i ∈ I} is the pointwise
order.
Henceforth convergence structure always refers to net convergence structure.
3. Minimal Subset Selections and M-convergence Structures in Posets
We begin this section by recalling definition of subset selections. A subset selection M assigns
to each poset P a certain collection M(P ) of subsets P (see, e.g, [13, 14]). In this paper, our
concern is on certain subset selections which we call minimal subset selections.
Definition 3.1. For every poset P , we define M(P ) to be a collection of subsets of P such
that ∅ ∉ M(X) and {x} ∈ M(P ) for every x ∈ P . We call the assignment M minimal subset
selection. If A ∈ M(P ), then we call it an M-set in P . We denote the collection of all M-sets
having supremum, resp. infimum, by M+(P ), resp. M−(P ).
There are many minimal subset selections can be defined. The following are some examples:
(1) Dir(P ) ∶= the collection of all directed subsets of P ,
(2) Filt(P ) ∶= the collection of all filtered subsets of P ,
(3) fin(P ) ∶= the collection of all nonempty finite subsets of P ,
(4) Ch(P ) ∶= the collection of all nonempty chains in P , and
(5) ACh(P ) ∶= the collection of all nonempty anti-chains in P .
It is known that any T0 space X induces a poset, called specialisation poset. Hence one can
define minimal subset selections by making use of some topological property. The following are
some of them:
(1) Irr(X) ∶= the collection of all irreducible sets in X ,
(2) Cpt(X) ∶= the collection of all nonempty compact sets in X , and
(3) Con(P ) ∶= the collection of all connected sets if P .
Throughout this section we assume that a certain minimal subset selectionM is already given.
Definition 3.2. Let P be a poset. We say that a net (xi)i∈I M-converges to x ∈ P , denoted by
(xi)i∈I MÐ→ x or xi MÐ→ x, if there exists A ∈ M+(P ) such that x ≤ ⋁A and A ⊆ elb ((xi)i∈I).
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Remark 3.3. Let P be a poset.
(1) The M-convergence structure in P satisfies (Constants) and (Subnets) axioms.
(2) If xi
M
Ð→ x implies xi
M
Ð→ y for every y ∈ ↓x.
(3) IfM= Dir then theM-convergence structure is exactly the Scott-convergence structure.
The following proposition provides a way to construct a net out of anM-set with some special
properties.
Proposition 3.4. For each A ∈M+(P ), define
IA = {(u,ub(B)) ∣ B ⊆fin A,B ≠ ∅, and u ∈ ub(B)}
and equip it with the following order:
(u1,ub(B1)) ≤ (u2,ub(B2)) if and only if ub(B1) ⊇ ub(B2).
For each (u,ub(B)) ∈ IA, define x(u,ub(B)) = u to form a net (xi)i∈IA . Then xi MÐ→ ⋁A.
It is known that Scott convergence structures induces Scott topologies and this topology has
an order description in its definition. Similarly, we also have an order description for the topology
induced by M-convergence structure.
Proposition 3.5. Let P be a poset and τM the topology induced by the M-convergence structure
in P . Then V ∈ τM if and only if the following two conditions hold:
(TM1) V is an upper set;
(TM2) for each A ∈ M+(P ), if ⋁A ∈ V then there exists a nonempty finite subset B of A such
that ub(B) ⊆ V .
Proof. Let V ∈ τM. We will prove (TM1) and (TM2) hold.
(TM1) Let x ∈ ↑V . There exists v ∈ V such that v ≤ x. By Remark 3.3, we have that the constant
net (x) M-converges to v. Hence x ∈ V .
(TM2) Let A ∈ M+(P ) such that ⋁A ∈ V . We consider the net (xi)i∈IA as in Proposition 3.4.
Since V ∈ τM, there exists i0 ∈ IA such that j ≥ i0 implies xi ∈ V . Let i0 = (u,ub(B)),
where B is a nonmepty finite subset of A. Then for each t ∈ ub(B) it holds that j ∶=(t,ub(B)) ≥ i0, we have that t ∈ ub(B). Therefore ub(B) ⊆ V .
Conversely, let V satisfy (TM1) and (TM2), (xi)i∈I M-converge to x, and x ∈ V . Then there
exists A ∈ M+(X) such that x ≤ ⋁A and A ⊆ elb((xi)i∈I). By (TM1), ⋁A ∈ V . By (TM2),
there exists a nonempty finite subset B of A such that ub(B) ⊆ V . Since B is finite and
B ⊆ elb((xi)i ∈ I), we have that xi ∈ ub(B) eventually. Therefore V ∈ τM. 
We define the M-way-below-relation ≪M on a poset P as follows: x ≪M y if and only if
for every A ∈ M+(P ), if y ≤ ⋁A then there exists a nonempty finite subset B of A such that
ub(B) ⊆ ↑x. We then have the following proposition.
Proposition 3.6. Let P be a poset and u,x, y, z ∈ P .
(1) If x≪M y then x ≤ y.
(2) If u ≤ x≪M y ≤ z then u≪M z.
(3) If P has a bottom element , then ≪M x for every x ∈ P .
(4) x≪M y if and only if for every net (xi)i∈I , xi MÐ→ y implies xi ∈ ↑x eventually.
Proof. (1) It is immediate since {y} ∈M+(P ).
(2) Let A ∈M+(P ) such that z ≤ ⋁A. Then y ≤ ⋁A, implying the existence of a nonempty
finite subset B of A such that ub(B) ⊆ ↑x ⊆ ↑u.
(3) It is clear from the definition of ≪M.
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(4) Let x≪M y and (xi)i∈I be a net M-converging to y. There exists A ∈M+(P ) such that
y ≤ ⋁A and A ⊆ elb((xi)i∈I). By assumption, there exists a nonempty finite subset B of
A such that ub(B) ⊆ ↑x. Since B is finite and B ⊆ elb((xi)i∈I), we have that xi ∈ ub(B)
eventually, hence xi ∈ ↑x eventually. Conversely, assume for every net (xi)i∈I , xi MÐ→ y
implies xi ∈ ↑x eventually and let A ∈ M+(P ) such that y ≤ ⋁A. We consider the net(xi)i∈IA as given in Proposition 3.4. By assumption, there exists i0 ∈ IA such that j ≥ i
implies xi ∈ ↑x. By the construction of (xi)i∈IA , this implies there exists a nonempty
finite subset B of A such that ub(B) ⊆ ↑x. We conclude that x≪M y.

Now we are ready to introduce the notion of M-continuity, which, we will prove later, is a
characterisation for M-convergence structure being topological.
Definition 3.7. A poset P is said to be M-continuous if for each x ∈ P , the following hold:
(M1) there exists A ∈M+(X) such that A ⊆↡M x ∶= {y ∈ P ∣ y ≪M x} and x ≤ ⋁A;
(M2) ↟M x ∶= {y ∈ P ∣ x≪M y} ∈ τM.
Note that, in virtue of Remark 3.3 and Proposition 3.5, to prove (M2), it suffices to show that
↟M x satisfies (TM2).
Remark 3.8. Let P be a poset.
(1) If M(P ) is the collection of all directed subsets of P then ≪M is just the usual way-
below relation on P and P is M-continuous if and only if P is a continuous poset. In
particular, (M2) can be implied from (M1).
(2) If P is α(M)-continuous in the sense of [19, Definition 3.4], then for every x ∈ P , (M1)
holds.
Lemma 3.9. If P is an M-continuous poset, then the M-convergence structure in P is topo-
logical.
Proof. It suffices to show that for each net (xi)i∈I , (xi)i∈I τMÐÐ→ x implies (xi)i∈I MÐ→ x. Assume
that (xi)i∈I τMÐÐ→ x. By (M2), there exists A ∈ M+(X) such that A ⊆↡M x and x ≤ ⋁A. Let
a ∈ A. Since x ∈↟M a ∈ τM, we have that xi ∈↟M a eventually, implying xi ≥ a eventually. Hence
(xi)i∈I MÐ→ x, as desired. 
The following lemma informs us that M-convergence structure in a poset satisfying only
(Iterated limits) axiom is enough to deduce the poset is M-continuous.
Lemma 3.10. Let P be a poset. If the M-convergence structure in P satisfies (Iterated limits)
axiom then P is M-continuous.
Proof. Let x be an arbitrary element of P . We will show that (M1) and (M2) hold.
(M1) Define the following collection
Ax = {A ∈M+(P ) ∣ x ≤⋁A} .
Let Ax = {Ai ∣ i ∈ I}. Equip I with ≤ defined as i ≤ j for each i, j ∈ I. Then I is a directed
pre-ordered set. For each i ∈ I, let xi = ⋁Ai to form a net (xi)i∈I . Since {x} ∈ M+(P ),
we then have xi
M
Ð→ x. For each i ∈ I, we have a net (xi,j)j∈IAi M-converging to xi as in
Proposition 3.4. By assumption we have that
(x(i,f))(i,f)∈K MÐ→ x,
where K ∶= I×Πi∈IIAi is ordered by pointwise order and x(i,f) = xi,f(i) for every (i, f) ∈K.
Then there exists A ∈ M+(P ) such that x ≤ ⋁A and A ⊆ elb((x(i,f))(i,f)∈K). It remains
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to show that A ⊆↡M x. Let a ∈ A and M ∈M+(P ) such that x ≤ ⋁M . Then there exists
i0 ∈ I and (i∗, f∗) ∈K such that M = Ai0 and for every (i, f) ∈K, (i, f) ≥ (i∗, f∗) implies
xi,f(i) ≥ a. Let f∗(i0) = (u,ub(B)) ∈ IAi0 , for some nonempty finite subset B of Ai0 , and
t ∈ ub(B). Define f ∈ Πi∈IIAi as follows
f(i) = { f∗(i), if i ≠ i0(t,ub(B)), if i = i0
We have that (i0, f) ≥ (i∗, f∗). Hence xi0,f(i0) = xi0,(t,ub(B)) = t ≥ a. Therefore ub(B) ⊆ ↑a
and hence a≪M x.
(M2) Let A ∈ M+(X) such that ⋁A ∈↟M x. Suppose to the contrary that for each nonempty
finite subset i of A there exists xi ∈ ub(i) such that xi ∉↟M x. Let I be the collection of
all nonempty finite subsets of A. Equipping I with inclusion order, we have that I is a
directed pre-ordered set. Hence (xi)i∈I is a net. If a ∈ A, then for every i ∈ I such that
i ≥ {a} we have that xi ∈ ub(i) ⊆ ↑a. We have that xi MÐ→ ⋁A. Let i ∈ I. Since x /≪M xi,
in virtue of Proposition 3.6(4), there exists a net (xi,j)j∈J(i) such that xi,j MÐ→ xi and
∀j ∈ J(i). ∃j∗ ∈ J(i). j∗ ≥ j and xi,j∗ ≱ x (St1)
By the fact that M-convergence structure in P satisfies (Iterated limits) axiom, we have
that
(x(i,f))(i,f)∈K MÐ→⋁A,
whereK ∶= I×Πi∈IJ(i) is ordered by pointwise order and x(i,f) = xi,f(i) for every (i, f) ∈K.
Since x ≪M ⋁A, by Proposition 3.6(4), there exists (i0, f0) ∈ K such that for every(i, f) ∈ K, (i, f) ≥ (i0, f0) implies xi,f(i) ≥ x. Let f0(i0) = j ∈ J(i0). Let j∗ ∈ J(i0) satisfy
(St1). Define f ∈ Πi∈IJ(i) as follows
f(i) = { f0(i), if i ≠ i0
j∗, if i = i0
We have that (i0, f) ≥ (i0, f0). Hence xi0,f(i0) = xi0,j∗ ≥ x, which contradicts (St1).
Therefore we have that there exists a nonempty finite subset B of A such that ub(B) ⊆↟M
x. Thus ↟M x ∈ τM.

The following theorem is an immediate consequence of Lemmas 3.9 and 3.10.
Theorem 3.11. The following statements are equivalent for a poset P .
(1) P is M-continuous.
(2) The M-convergence structure in P is topological.
As a corollary of Theorem 3.11 above, we have the following well-known result.
Corollary 3.12. [18] Let P be a poset. Then the Scott-convergence structure in P is topological
if and only P is a continuous poset.
Notice that M-convergence structures can be defined in any poset. In particular, given a
T0 space X , we have the M-convergence structure in the specialisation poset induced by X .
Consider the assignment Irr assigning any space to the collection Irr(X) of all irreducible sets
in X . Clearly Irr(X) contains all singletons. Hence Irr can be considered as a minimal subset
selection. Making use of this subset selection, one may define Irr-convergence structure (see, e.g.,
[1, 16]).
Definition 3.13. A T0 space is said to be Irr-continuous if its induced specialisation poset is
Irr-continuous in the sense of Definition 3.7, when Irr is considered as a minimal subset selection.
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The following result is a direct consequence of Theorem 3.11.
Corollary 3.14. [16] Let X be a space. Then the Irr-convergence structure in X is topological
if and only if X is Irr-continuous.
We recall the following definition and theorem from [19].
Definition 3.15. [19] A poset P is called α(M)-continuous if for every x ∈ P , ↡M x is anM-set
whose supremum equals x.
Theorem 3.16. [19, Theorem 3.1] Let P be a poset such that the following two conditions hold
for every x ∈ P :
(1) ↡M x ∈M(P ), and
(2) {y ∈ P ∣ ∃z ∈ P s.t. y ≪M z ≪M x} ∈M(P ).
Then the M-convergence structure in P is topological if and only if P is α(M)-continuous.
One can see that Theorem 3.16 is not complete in the sense of [7]. More precisely, the
equivalence given in the theorem only holds in a certain class of posets. In the following we
provide a minimal subset selectionM and a poset which is not in the class but theM-convergence
structure in it is topological.
Example 3.17. Let M = ACh and P = {a, b, c} with a ≤ c and b ≤ c. We have that M(P ) =
M+(P ) = {{a} ,{b} ,{c} ,{a, b}}. It is easy to verify that x ≪M y if and only if x ≤ y. We
then have that P is M-continuous. According to Theorem 3.11, the M-convergence structure
in P is topological. But we have that ↡M c = P is not an antichain, which implies that P is not
α(M)-continuous.
4. MN -convergence Structures in Posets
In this section, we move our focus on a certain generalisation of order-convergence structure.
Throughout this section we assume that two certain minimal subset selections M and N are
already given.
Definition 4.1. Let P be a poset. We say that a net (xi)i∈I MN -converges to x ∈ P , denoted
by (xi)i∈I MNÐÐ→ x or xi MNÐÐ→ x, if there exist M ∈M+(P ) and S ∈N −(P ) such that
(1) x = ⋁A = ⋀S, and
(2) for each a ∈ A and s ∈ S, xi ∈ ↑a ∩ ↓s eventually.
Remark 4.2. (1) A net can only MN -converge to at most one element.
(2) The MN -convergence structure in a poset P satisfies (Constants) and (Subnets) axioms.
Similar to M-convergence case, we can construct a certain net from given M-set and N -set,
and give an order description of the topology induced by MN -convergence structure.
Proposition 4.3. For each A ∈M+(P ) and S ∈N −(P ) such that ⋁A = ⋀S =∶ x, define
IAS = {(u,ub(B) ∩ lb(T )) ∣ B ⊆fin A,T ⊆fin S,B ≠ ∅, T ≠ ∅, and u ∈ ub(B) ∩ lb(T )}
and equip it with the following order:
(u1,ub(B1) ∩ lb(T1)) ≤ (u2,ub(B2) ∩ lb(T2)) if and only if ub(B1) ∩ lb(T1) ⊇ ub(B2) ∩ lb(T2).
For each (u,ub(B) ∩ lb(T )) ∈ IAS , define x(u,ub(B)∩lb(T )) = u to form a net (xi)i∈IAS . Then
xi
MN
ÐÐ→ x.
Proposition 4.4. Let P be a poset and τMN be the topology induced by the MN -convergence
structure in P . The following two statements are equivalent.
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(1) V ∈ τMN .
(2) For every A ∈M+(P ) and S ∈N −(P ), if ⋁A = ⋀S ∈ V then there exist nonempty finite
subsets B of A and T of S such that ub(B) ∩ lb(T ) ⊆ V .
Proof. Let V ∈ τM, A ∈ M+(P ), and S ∈ N −(P ) such that ⋁A = ⋀S ∈ V . We consider the
net (xi)i∈IAS as in Proposition 4.3. Since V ∈ τMN , there exists i0 ∈ IAS such that j ≥ i0
implies xi ∈ V . Let i0 = (u,ub(B) ∩ lb(T )). Then for each v ∈ ub(B) ∩ lb(T ) it holds that
j ∶= (v,ub(B) ∩ lb(T )) ≥ i0, we have that v ∈ V . Therefore ub(B) ∩ lb(T ) ⊆ V .
Conversely, let (xi)i∈I MN -converge to x, and x ∈ V . Then there exists A ∈ M+(P ) and
S ∈ N −(P ) such that x = ⋁A = ⋀S and for each a ∈ A and s ∈ S, xi ∈ ↑a ∩ ↓s eventually. By
assumption, there exist nonempty finite subsets B of A and T of S such that ub(B)∩ lb(T ) ⊆ V .
Since B and T are finite and for each a ∈ A and s ∈ S, xi ∈ ↑a ∩ ↓s eventually, we have that
xi ∈ ub(B) ∩ lb(T ) eventually. Therefore V ∈ τMN . 
Next we define two following relations on a poset making use of M-set and N -set:
(1) x ≪MN y if and only if for every A ∈ M+(P ) and S ∈ N −(P ) such that y = ⋁A = ⋀S
there exist nonempty finite subsets B of A and T of S such that ub(B) ∩ lb(T ) ⊆ ↑x;
(2) y ◁MN z if and only if for every A ∈ M+(P ) and S ∈ N −(P ) such that y = ⋁A = ⋀S
there exist nonempty finite subsets B of A and T of S such that ub(B) ∩ lb(T ) ⊆ ↓z.
Proposition 4.5. For a poset P and x, y, z ∈ P the following hold.
(1) x≪MN y implies x ≤ y.
(2) y◁MN z implies y ≤ z.
(3) If P has a bottom element , then  ≪MN x for every x ∈ P .
(4) If P has a top element ⊺, then x◁MN ⊺ for every x ∈ P .
(5) x≪MN y if and only if for every net (xi)i∈I , xi MNÐÐ→ y implies xi ∈ ↑x eventually.
(6) y◁MN z if and only if for every net (xi)i∈I , xi MNÐÐ→ y implies xi ∈ ↓z eventually.
(7) x≪MN y◁MN z if and only if for every net (xi)i∈I , xi MNÐÐ→ y implies xi ∈ ↑x∩↓z eventually.
(8) If x ≪MN y, then for every A ∈ M+(P ), ⋁A = y implies there exists a nonempty finite
subset B of A such that ub(B) ∩ lb({y}) ⊆ ↑x.
(9) If y ◁MN z, then for every S ∈ N −(P ), there exists a nonempty finite subset T of S such
that ub({y}) ∩ lb(T ) ⊆ ↓z.
Proof. (1), (2), (8), and (9) are immediate since {y} ∈ M+(P) ∩N −(P ), (3) and (4) are clear
from the definition of ≪MN and ◁MN , and (7) is correct once (5) and (6) are.
(5) Let x ≪MN y and (xi)i∈I be a net MN -converging to y. There exist A ∈ M+(P ) and
S ∈N −(P ) such that y = ⋁A = ⋀S and for every a ∈ A and s ∈ S, xi ∈ ↑a∩ ↓s eventually. By
assumption, there exist nonempty finite subsets B of A and T of S such that ub(B)∩ lb(T ) ⊆
↑x. Since B and T are finite, we have that xi ∈ ub(B) ∩ lb(T ) eventually, hence xi ∈ ↑x
eventually. Conversely, assume for every net (xi)i∈I , xi MNÐÐ→ y implies xi ∈ ↑x eventually
and let A ∈M+(P ) and S ∈ N −(P ) such that y = ⋁A = ⋀S. We consider the net (xi)i∈IAS
as given in Proposition 4.3. By assumption, there exists i0 ∈ IAS such that j ≥ i implies
xi ∈ ↑x. By the construction of (xi)i∈IAS , this implies there exist nonempty finite subsets B
of A and T of S such that ub(B) ∩ lb(T ) ⊆ ↑x. We conclude that x≪MN y.
(6) The proof is similar to (5).

Remark 4.6. If M = Dir and N = Filt, then
(1) MN -convergence structure is exactly order-convergence structure,
(2) ≪MN is precisely ≪O given in [7] and [10].
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The following denotations will be needed in our ensuing development.
(1) ↡MN x = {y ∈ P ∣ y ≪MN x},
(2) ↟MN x = {y ∈ P ∣ x≪MN y},
(3)
−−▹
MNx = {y ∈ P ∣ y◁MN x},
(4) −−▹MNx = {y ∈ P ∣ x◁MN y}.
In the following, we present our new notion of MN -continuity of posets. It will be proven
that MN -continuity of a poset is equivalent with the MN -convergence in it being topological.
Definition 4.7. A poset P is said to be MN -continuous if for each x, y ∈ P , the following hold:
(MN1) there exist A ∈M+(X) and S ∈N −(X) such that A ⊆↡MN x, S ⊆ −−▹MNx, and x = ⋁A =
⋀S;
(MN2) ↟MN x ∩ −−▹ MN y ∈ τMN .
Lemma 4.8. If P is an MN -continuous poset, then the MN -convergence structure in P is
topological.
Proof. It suffices to show that for each net (xi)i∈I in P , (xi)i∈I τMNÐÐÐ→ x implies (xi)i∈I MNÐÐ→ x.
Assume that (xi)i∈I τMNÐÐÐ→ x. By (MN1), there exist A ∈ M+(X) and S ∈ N −(P ) such that
A ⊆↡MN x, S ⊆ −−▹MNx, and x = ⋁A = ⋀S. Let a ∈ A and s ∈ S. Since x ∈↟MN a ∩ −−▹ MN s
and ↟MN a ∩ −−▹ MN s ∈ τMN by (MN2), we have that xi ∈↟MN a ∩ −−▹ MN s eventually. Hence, by
Proposition 4.5(1) and (2), xi ∈ ↑a ∩ ↓s eventually. We conclude that (xi)i∈I MNÐÐ→ x. 
Lemma 4.9. Let P be a poset. If the MN -convergence structure in P is topological then P is
MN -continuous.
Proof. Let x and y be arbitrary elements of P . We will show that (MN1) and (MN2) hold.
(MN1) Define the following collection
Ix = {(V, c) ∈ τMN ×P ∣ x, c ∈ V }
Equip Ix with ≤ defined as (V1, c1) ≤ (V2, c2) if and only if V1 ⊇ V2. Then Ix is a directed
pre-ordered set. For each (V, c) ∈ Ix, we define x(V,c) = c to form a net. For each V ∈ τMN
such that x ∈ V we have that (V,x) ∈ Ix. For each (W,c) ∈ Ix such that (W,c) ≥ (V,x)
we have x(W,c) = c ∈ W ⊆ V , hence xi ∈ V eventually. Therefore xi τMNÐÐÐ→ x. Since
the MN -convergence in P is topological, we have that xi
MN
ÐÐ→ x. Then there exists
A ∈M+(P ) and S ∈ N −(X) such that x = ⋁A = ⋀S such that for every a ∈ A and s ∈ S,
xi ∈ ↑a ∩ ↑s eventually.
We fixed a ∈ A and s ∈ S. There exists (V, c) ∈ Ix such that (W,d) ≥ (V, c) implies
x(W,d) ∈ ↑a∩↓s. Since for every v ∈ V we have (V, v) ≥ (V, c), it holds that V ⊆ ↑a∩↓s. Now
let (yj)j∈J be a net such that yj MNÐÐ→ x. Then yj τMNÐÐÐ→ x. Since x ∈ V ∈ τMN , we have
that yj ∈ V ⊆ ↑a ∩ ↓s eventually. By Proposition 4.5(7), we have that a≪MN x◁MN s.
Since a and s are taken arbitrarily, we have that A ⊆↟MN x and S ⊆ −−▹MNx.
(MN2) Suppose to the contrary that ↟MN x ∩ −−▹ MN y ∉ τMN . There exists z ∈↟MN x ∩ −−▹ MN y
such that for every V ∈ I ∶= {V ∈ τMN ∣ z ∈ V } there exists xV ∈ V such that xV ∉↟MN
x ∩ −−▹ MN y. Equipping I with reverse inclusion order we have that the net (xV )V ∈I
converges to z with respect to τMN . Since the MN -convergence structure in P is
topological, we have that xV
MN
ÐÐ→ z.
For each V ∈ I, since xV ∉↟MN x ∩ −−▹ MN y, by Proposition 4.5(7) there exists a net
(xV,j)j∈J(V ) such that xj,V MNÐÐ→ xV and
∀j ∈ J(V ). ∃j∗ ∈ J(V ). j∗ ≥ j and xV,j∗ ∉ ↑x ∩ ↓y (St2)
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By the fact that M-convergence structure in P satisfies (Iterated limits) axiom, we have
that
(x(V,f))(V,f)∈K MNÐÐ→ z
where K ∶= I × ΠV ∈IJ(V ) is ordered by pointwise order and x(V,f) = xV,f(V ) for every(V, f) ∈K. Since z ∈↟MN x∩ −−▹ MN y, by Proposition 4.5(7), there exists (V0, f0) ∈K such
that for every (V, f) ∈K, (V, f) ≥ (V0, f0) implies x ≤ xV,f(V ) ≤ y. Let f0(V0) = j ∈ J(V0).
Let j∗ ∈ J(V0) satisfy (St2). Define f ∈ ΠV ∈IJ(V ) as follows
f(V ) = { f0(V ), if V ≠ V0
j∗, if V = V0
We have that (V0, f) ≥ (V0, f0). Hence x ≤ xV0,f(V0) = xV0,j∗ ≤ y, which contradicts (St2).
Therefore we have that ↟MN x ∩ −−▹ MN y ∈ τMN .

The following theorem is an immediate consequence of Lemmas 4.8 and 4.9.
Theorem 4.10. The following statements are equivalent for a poset P .
(1) P is MN -continuous.
(2) The MN -convergence structure in P is topological.
Notice that considering Dir and Filt as minimal subset selections, we have that the (DirFilt)-
convergence structures in P is exactly the order-convergence structure in P . Hence as a corollary
of Theorem 4.10 above, we have the following result.
Corollary 4.11. Let P be a poset. Then the order-convergence structure in P is topological if
and only P is a (DirFilt)-continuous poset.
We recall the following definition from [7].
Definition 4.12. Let P be a poset and O be the order-convergence structure in P . We call P
is R∗-doubly continuous if for every x, y, z ∈ P the following hold:
(R1) ↡O x ∈ Dir+(P ), −−▹Ox ∈ Filt−(P ), and x = ⋁ ↡O x = ⋀ −−▹Ox;
(R2) x≪O y◁O z implies there exist a, s ∈ P such that a≪O x◁O s and ↑a ∩ ↓s ⊆↟O y ∩ −−▹ Oz.
As expected, specialising M and N to Dir and Filt, we have that MN -continuity is exactly
R∗-doubly continuity.
Proposition 4.13. A poset P is R∗-doubly continuous if and only if P is (DirFilt)-continuous.
As a consequence of Corollary 4.11 and Proposition 4.13 we have the following previously-
established result.
Corollary 4.14. [7] The order-convergence structure in a poset P is topological if and only if P
is R∗-doubly continuous.
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